Abstract-Despite the rich literature on cooperative networks, employment of different modulation levels by the source and relay terminals has not been investigated thoroughly from the physical layer perspective. In this paper, we investigate the bit error rate (BER) performance of selective relaying in a multi-relay decodeand-forward cooperative network where the source and the relays transmit using different modulation levels. Specifically, we derive a closed form expression for the end-to-end (uncoded) BER. To draw further insights on the BER performance, we also provide a simpler approximate BER expression that is accurate in the high signal-to-noise ratio regime. Finally, simulation results are presented to verify the analytical results.
I. INTRODUCTION
The demand for reliable high-speed wireless networks increases on a daily basis due to the augmentation of a wide range of wireless multimedia and interactive internet services. One of the promising technologies to enhance the performance of wireless networks is cooperative relaying, where the source communicates with the destination through one or more intermediate relays. In cooperative relaying, the decoding reliability can be substantially improved through the spatial diversity achieved at the destination by combining the signals received from the source and the relays.
In most of the multi-relay cooperative diversity protocols considered in the literature, relays perform retransmissions in orthogonal channels; as a consequence, spatial diversity is attained at the expense of end-to-end (e2e) spectral efficiency. Clearly, in order to have a favourable diversity versus e2e spectral efficiency trade-off, the retransmissions have to be made in a selective manner. As such, selective relaying has become a popular protocol in cooperative multi-relay literature in recent years [1] .
In selective relaying, adaptive modulation can be utilized to improve the e2e spectral efficiency. In [2] , the authors investigate the performance of adaptive modulation in selective amplify-and-forward (AF) relaying networks. It is worth noting that in AF relaying, modulation adaptation is a possibility only at the source. Alternatively, in decode-and-forward (DF) relaying, both source and relays can employ different modulation levels opportunistically to further improve the e2e spectral efficiency, since these transmitting nodes may be experiencing different path loss and fading conditions [3] - [8] .
Techniques to combine signals with different modulation levels have been considered in the literature for a long time in frameworks other than relaying (such as HARQ); a number of such techniques are part of the contemporary wireless standards. These techniques can readily be extended to relay networks as well. However, the overwhelming majority of these techniques have been in the form of post-detection combining, such as Chase Combining and Packet Selection Combining [3] , [4] . The focus of this paper, on the other hand, is pre-detection combining which has a number of advantages over postdetection combining such as simplicity. While pre-detection combining of signals with the same modulation level has a long history itself in communications theory, the pre-detection combining of signals with different modulation levels arises as a rather new problem in the literature. This is due to the fact that transmission with different modulation levels implies an underlying distributed radio access network with cooperative transmission − a more recent framework.
The pre-detection combining techniques can be divided into two general types. In the first type, the signals are "mixed"; maximum ratio combining (MRC) is an example of this type. In the second type called selection combining (SC), on the other hand, the best signal is chosen rather than mixing them; SC has the obvious advantage of reduced complexity (at the expense of some performance loss).
In [5] and [6] , the pre-detection combining of signals with different modulation levels in the form of mixing is studied. In [5] , a combining scheme based on log-likelihood ratios (LLR), which rely on the maximum a posteriori probability principle, is proposed. In [6] , another LLR-based combining scheme, which relies on the so-called "soft-bit MRC" principle is presented; it is shown that the performance of this scheme is very close to that of the optimal maximum likelihood detector.
It is well known that the selection combining of signals with the same modulation level means choosing the signal with the highest SNR; let us call this scheme SNR-SC. To the best of our knowledge, [7] and [8] are the first papers that generalized the operation of selection combining to include the signals with different modulation levels. It should be noted that, when the modulation levels are different, selecting the signal with the highest SNR will not be optimal any more due to the fact that the error resilience of those signals will be different. Instead, the selection in [7] and [8] is performed based on minimizing the BER (therefore the name, BER-SC). In the final analysis, BER-SC is also an SNR-based scheme where the selection is made among the appropriately biased (weighted) SNR values. The analyses presented in [7] and [8] are for single-relay DF networks. In this paper, we investigate the performance of selective relaying in multi-relay DF networks when the source and relays use different modulation levels (the same modulation level at the source and relays is a special case of this more generic scenario). In the considered transmission scheme, the source communicates with the destination via the direct link or the best relayed link, based on the comparison of the instantaneous SNR values at the destination. The link that will yield the highest biased SNR value, which will minimize the BER at the destination, is identified. This link will be either the direct link (no relaying is necessary in that case), or one of the relayed links; in the latter case, only that particular relay will be requested to relay the original signal (i.e., selective relaying).
We derive a closed-form expression for the BER for the above explained scenario. We considered an uncoded system to isolate the BER expression from the parameters of any particular channel coding scheme. We also note that the uncoded packet error rate (PER) expressions can readily be obtained from the developed uncoded BER expressions. Finally, to draw further insights on the BER performance, we also provide a simpler approximate BER expression that is accurate in the high SNR regime.
The derived BER expressions can be utilized in various other scenarios in which the destination selects the best signal (in terms of minimizing BER) among a set of signals which use different modulation levels. The set of signals to choose from may have already been received through orthogonal channels (selection combining), or this signal set may correspond to a set of "candidate" transmissions. The latter scenario is often referred to as selective transmission; applications of this scenario include selective relaying (the setting in this paper), fast base-station selection, and coordinated multipoint transmission and reception (CoMP).
II. SYSTEM MODEL
We consider a network that consists of a source S, a destination D, and K relays {R k |k = 1, . . . , K}. We assume that each terminal is equipped with a single antenna and operates in the half-duplex mode, i.e., it transmits and receives in orthogonal channels. Without loss of generality, we assume in this paper that orthogonality is achieved using time division duplexing in two time slots. In the first time slot, the source broadcasts an N -bit packet to the destination and the relays by using M S -QAM. All the relays decode the received packet from the source, and check whether the packet is decoded correctly or not via cyclic redundancy codes (CRC). Then, in the second time slot, the relays that received the packet correctly form the decoding set (DS) of candidate relays; each relay in the DS transmit a pilot signal and the modulation level to the destination. The destination estimates the SNRs from the source and from the relays in the DS. Based on the SNRs and the modulation level of the source, M S , and the modulation levels of the relays in the DS, {M R k |k ∈ DS}, the destination chooses either to decode directly from the source or from one of the relays in the DS. If the destination chooses to decode from the source, then it sends a one-bit negative acknowledgement to the DS; otherwise, it asks the chosen relay to transmit the packet.
All links are assumed to experience Rayleigh fading. The instantaneous SNRs in the links S − D, S − R k , and R k − D are denoted by γ SD , γ SR k , and γ R k D , respectively, and they are independent exponential random variables. In addition, the average SNRs in the links S − D, S − R k , and
As stated earlier, BER-based selection scheme is better for different modulation levels as compared to SNR-based selection scheme since it accounts for the error-resistance capabilities of the different modulation levels. Therefore, we focus our attention on the performance of BER-based selection scheme. According to BER-based selection, the decision rule can be stated as
(1) To simplify the selection criterion given in (1), we use the following approximate BER expression for Gray-coded square M -QAM [9] :
where
All the derived equations can be used for any modulation scheme that has instantaneous BER in the form of c Mi Q 2d 2 Mi γ iD .
III. ERROR RATE PERFORMANCE ANALYSIS
In a relay-based cooperative communication implementation, packet-by-packet forwarding is used (one may argue for special scenarios for bit-by-bit forwarding, for instance, in some sensor networks; but these are exceptions rather than the norm). Therefore, in cooperative communication systems, the most appropriate metric is PER, rather than BER. While the e2e PER curves for any given protocol can always be obtained through simulations, the mathematical analysis of such scenarios is either very cumbersome, or not possible at all. Therefore, we present for a e2e BER analysis in this paper. The aim is to have some mathematical analysis that will reveal certain aspects of the complex relation between the essential dynamics of the system*.
In this section, we derive a closed form expression for the average BER in the multi-relay scenario. The average BER can written as
• S all is the set of indices for all relays, i.e.,
• BER comp DS is average BER conditioned on the DS at destination. For example, for a two-relay scenario,
The average BER in the link from node i to j for M -QAM in a point-to-point Rayleigh fading channel can be well approximated as
*An implementation note: Since we combine signals with different modulation levels, combining cannot be done on a bit-by-bit basis; rather combining should be done in units multiple of LCM log 2 (M S ) , ...., log 2 M R k bits where LCM represents the least common multiple. For example, if the source uses 16-QAM, and the relay uses 64-QAM, then combining at the receiver happens every 12 bits (or multiple of 12 bits); that is, the receiver combines 3 symbols from the source and 2 symbols from the relay. In other words, the receiver cannot operate in blocks less than 12 bits. In order not to lose tractability in the analysis, we do not take into account this implementation point.
If symbol errors occur independently an N -bit packet, then
where SER ≈ BERlog 2 M s for Gray-coded constellations [9] .
The calculation of BER comp is given in Section III-A, and the development of the average BER is given in Section III-B.
A. Calculation of BER comp
In the considered transmission scheme, the destination decodes the message from the source if the SNR of the source is larger than the biased SNRs of all the relays in DS, i.e.,
is a biasing factor between the source and the relays. Otherwise, if γ RiD = max
, i, j = 1, 2, ..., K, is a biasing factor among the relays, then the R i − D link is chosen. Similar to [8] , ρ i and β ij are introduced here in order to approximate BER-based selection in the high SNR regime. Such an approximation facilitates the BER analysis. Note that if all nodes transmit their signal with the same modulation level, then, BER-based selection scheme will be reduced to SNR-based selection scheme, i.e., ρ i = β ij = 1.
An approximate and simpler implementation of the instantaneous BER for our scheme given by (1) can be expressed as
First, we find the error probability of the S − D link under the condition that the instantaneous SNR of the S − D link is higher than the instantaneous biased SNRs of the R k − D links [10] . The conditional error probability of the S − D link under the condition on the instantaneous SNR, i.e., γ SD , can be calculated from (2) . Averaging (2) over the probability density function (pdf) of γ SD under the condition that γ SD ≥ ρ i γ RiD , i = 1, 2, ..., K, the average BER of the S − D link can be written as
(9) Simplifying (9), we can write
where HM {.} represents the harmonic mean; the set is defined as S = {ρ iγRiD } , i = 1, 2, ..., K, and P k,y (S) is the y-th element of the k-element power set of S.
Solving (10), we obtain
In the above, we used the following function:
For example, the average BER of the S − D link in the two-relay scenario is given by (13) at the top of the next page.
Next, we find the error probability of the R i − D link under the condition that the instantaneous biased SNR of the R i − D link is higher than the instantaneous SNR of the S − D link and the instantaneous SNR of any other R k − D link. The conditional error probability of the R i − D link under the condition on the instantaneous SNR, i.e., γ RiD , can be obtained from (2) . Averaging (2) over the pdf of γ RiD under the condition that γ SD < ρ i γ RiD and γ Rj D < β ij γ RiD , j = i, i, j = 1, 2, ..., K, the average BER of the R i − D link is obtained by
...
(14) Simplifying (14), we get
where HM {.} represents the harmonic mean; the set is defined as
Solving (15), we obtain
(16) For example, the average BER of the R 1 − D link in the two-relay scenario is given by (17) in the next page.
Finally, using (10) and (16), BER comp DS can be expressed as (18) and (19):
B. Finding the average BER
By substituting (6), (7), and (19), in (4), the final expression for the average BER can be expressed by (20) given in the next page.
IV. ASYMPTOTIC PERFORMANCE ANALYSIS
In this section, we focus on the high SNR regime and derive an asymptotic BER expression for BER-based selection scheme (20) as SNR goes to the infinity in order to obtain further insight into the performance of the system. The asymptotic approximations for PER SRi and BER SD are found in [7] when the average SNRs are expressed asγ SD = σ
Then, for the case that the instantaneous SNR of the S − D link is higher than the instantaneous SNRs of the relay-todestination links,
Ms

K+1
.
(24) Also, for the case that the instantaneous SNR of the R i − D is higher than the instantaneous SNR of the S − D link and instantaneous SNR of any other R k − D link,
(25) By substituting (24) and (25) in (18), we get (26).
Finally, by substituting (21), (22), (23), and (26), in (4), we obtain (27) at the top of the next page.
For example, for the two-relay scenario, the asymptotic approximation is given by (28) given in the next page.
V. SIMULATION RESULTS
In this section, we investigate the performance of selective relaying with different modulation levels in a multi-relay scenario through Monte-Carlo simulation. In Fig. 1 , we show the BER simulation results for the BER-based selection scheme in the two relay scenario. It is clear from the figure that the derived analytical results are in excellent agreement with the simulation results. In Fig. 2 , we plot the asymptotic BER expressions for BER-based selection scheme and SNR-based selection scheme for different number of relay nodes. We confirm that the asymptotic expression is tight for high SNRs. Although both BER-based selection scheme and SNR-based selection scheme achieve the same diversity order, BER-based selection scheme achieves higher SNR gain for all cases.
